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SUMMARY 

Comparisons  have  been  made  of  the  theoretical  stresses  in  a  half-plane  containing 
either  a  pressurized  hole  or  an  interference-fit  disc.  For  a  hole  more  than  about  three  radii 
from  the  free  edge  the  differences  between  the  two  cases  become  progressively  more 
insignificant. 
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NOMENCLATURE 


distance  from  hole  centre  to  free  edge 
~a  +  x  =  2 a  +  r  cos  6 
—  y  =  r  sin  6 

distance  of  bipolar  coordinate  pole  from  origin 

Young’s  modulus 

shear  modulus  =  E/[ 2(1  +  v)] 

pressure  in  hole 

=  4GA/(k+  1) 

radius  from  hole  centre  to  point  under  consideration 
radius  of  hole 
Cartesian  coordinates 


bipolar  coordinates 
value  of  a  on  hole  boundary 

angle  at  hole  centre  between  x  axis  and  point  under  consideration 
=  (3— v)/(l  +  *)  for  plane  stress;  (3—  4v)  for  plain  strain 
radial  interference//? 

Poisson’s  ratio 
Pi 


radial  stress 
circumferential  stress 


shear  stress 


XX 


Cartesian  stress,  x  direction 


yy  Cartesian  stress,  y  direction 

xy  shear  stress 

xx  bipolar  stress  along  lines  of  constant  /3 

fif}  bipolar  stress  along  lines  of  constant  a 

afi  shear  stress 


The  following  conversions  are  useful: 
sinh  a.1  =  \/(a/R)2  —  1 
cosh  ai  =  a/ ft 

sin  /3  =  sinh  <*i  sin  0/[cosh  ai  +  cos  0] 


1.  INTRODUCTION 


In  an  earlier  Report1  an  approximation  was  developed  for  the  stresses  and  strains  in  a  half¬ 
plane  containing  an  interference-fit  fastener  based  on  the  exact  theory  for  a  half-plane  containing 
a  pressurized  hole.2  Predictions  from  the  approximate  theory  were  compared  with  experimental 
data  and  found  to  be  good.  Although  they  were  shown  to  improve  as  the  hole  became  more  remote 
from  the  free  edge,  the  stage  at  which  the  approximation  became  invalid  could  not  be  established 
from  that  study. 

Since  then,  the  exact  theory3  for  a  bonded  interference-fit  disc  in  a  half-plane  of  the  same 
material  has  been  formulated  explicitly.4  The  two  solutions,  each  exact  for  its  own  boundary 
conditions,  can  now  be  compared  directly  to  establish  the  features  of  similarity  or  otherwise. 


2.  STRESSES  IN  A  HALF-PLANE  CONTAINING  A  PRESSURIZED  HOLE 

The  solution  to  this  problem,  Fig.  1,  was  provided  by  Jeffery2  in  terms  of  bipolar  parameters 
as  follows: 


<*ct/p  =  —{(cosh  a— cos/J)2  cosh  <*j  sinh  a+2  cosh  (2*— ai)sinh  a  cos  ft 

— sinh  «i — sinh  (2a — *i)}/2  sinh8  ai  (1) 

ftftlp  =  {(cosh  a — cos  /l)[2cosh  ai  sinh  a+4sinh  (2a — ®i)cos  ft] 

— 2cosh  (2a — ai)sinh  a  cos  ft + sinh  ai  +  sinh  (2a — ai)}/2sinhs  a!  (2) 

afilp  =  —(cosh  a  —cos  /3)[cosh  ai  —cosh  (2a — ai)]sin  /3/sinh3  ai  (3) 


Along  the  circular  boundary  and  the  axis  of  symmetry  only  the  following  relations  hold 
between  bipolar  and  polar  stresses: 


A  =  rr,  0ft  =  00,  xft  =  rO. 


Along  the  free  edge  only 


—  xx*  $ft  =  yy,  aft  =  xy. 


At  the  origin  only 


oa  =  XX  =  Fr,  Pft  =  yy  =  00,  ap~xy  =  rf). 


1 


To  facilitate  the  comparisons  to  be  made  in  Section  4,  the  stresses  will  be  expressed  only 
in  polar  and  Cartesian  coordinates. 

The  above  expressions  simplify  markedly  in  particular  cases: 


Around  the  hole  a  =  «i  and  (1),  (2)  and  (3)  become 


aa.jp  —  njp  =  —  1 

(4) 

PP/p  =  ee/p  =1+2  sin2 /S/sinh2  «i 

(5) 

ap/p  =  rOjp  =  0 

(6) 

Equations  (4)  and  (6)  are  simply  a  reflection  of  the  boundary  conditions  for  a  pressurized 
hole,  and  (5)  shows  that  the  circumferential  stress  is  a  function  of  the  parametric  angle  p  which 
varies  from  0  to  ±rr  around  the  hole.  Fig.  1.  In  terms  of  p’ate  geometry  and  central  angle  8 
(see  Fig.  2)  (5)  becomes,  using  the  relationships  listed  in  the  Nomenclature 

8BlP  =1+2  sin2  0/[(a//J)  + cos  0]2. 

(7) 

This  reaches  a  maximum  when 

8  =  arcos[— (a//J)-1] 

(8) 

at  which  point 

+  ( 

M  M 

sr  s? 

II 

(9) 

Jeffery  showed  that  8  above  corresponds  to  the  tangent  point  at  the  hole  formed  with  a  line 
drawn  from  the  origin.  At  the  points  remote  from  and  close  to  the  origin,  8  =  0  and  8  =  w, 
and  90 !p  reaches  minimum  values  of  unity. 

Along  the  free  edge  «  =  0  and  (1),  (2)  and  (3)  become 

act  Ip  =  xx Ip  =  0 

(10) 

PPlp  =  yylp  =  —2(1  —cos  P) cos  /3/sinh2  ai 

(11) 

*p/P  =  xy/p  =  0 

(12) 

As  before,  (11)  may  be  expressed  in  terms  of  the  parameters  of  Fig.  2  but  the  result  is 
unhelpful. 


yylp  is  a  maximum  at  the  origin  when  it  becomes 
4  4 


yyip  =  zr. 


sinh2  ai  (a/J?)2-!' 

For  increasing  y  it  decreases  in  magnitude,  becoming  negative  beyond  the  point 


(13) 


y/R  =  V(a/*)2- 1- 


(14) 


2 


The  variations  in  rrjp  and  qq/p  around  the  hole  and  along  the  axis  of  symmetry  for  several 
a/R  values  are  shown  in  Fig.  3,  where  the  location  of  the  hole  is  fixed  and  the  free  edge  is  sited 
progressively  further  to  the  left  with  increase  in  a/R.  Circumferential  stresses  are  everywhere 
positive,  radial  stresses  being  everywhere  negative.  All  stresses  asymptote  quickly  towards  the 
infinite  plate  solutions  with  increase  in  a/R.  Figure  4  shows  the  variation  of  key  parameters 
with  a/R.  For  a/R  less  than  V3,  the  maximum  stress  occurs  at  the  free  edge  at  the  origin: 
beyond  a/R  =  \/3  it  occurs  at  the  hole.  The  angular  position  of  the  maximum  stress  at  the  hole 
changes  continuously  from  6  =  n  at  a/R  =  I  towards  its  w/2  asymptote  as  a/R  becomes  large. 


3.  STRESSES  IN  A  HALF-PLANE  CONTAINING  A  BONDED  INTERFERENCE-FIT 
DISC  OF  THE  SAME  MATERIAL 

Richardson3  provided  the  stress  functions  for  the  solution  of  this  problem  but  did  not 
enunciate  the  stresses  explicitly.  They  are,4  using  the  notation  of  Fig.  2  and  the  definitions 
listed  in  the  nomenclature 


("ll\  =  T  *2  +  2 os  +  LRi 

\00/q)  r2  (A2  +  B2)2  "  (A2  +  B2)2 

MR2 

f0lq  ~  (A2  +  B2)3 

In  Cartesian  coordinates  these  become 


„  ,  A2-B2 

2Ri - - - 

(A2  +  B2)2 


+  NR 2 


and 


2R2B{A-2a)  2R2B[A(5A2-3B2)-2a(3A2-B2)] 

[L4-2a)3  +  B3]2  +  (^2  +  B2)3 


where 


(15) 

(16) 

(17) 

(18) 


and 


f  {A^f-B2  3A*  —  \2A2Bi  +  B*—4aA(A2—3B2) 

~  \[(A-2a)2  +  Bfi)2  W  +  B2)2 

As  before  some  useful  simplification  in  expression  occurs  for  stresses  at  particular  points. 
It  is  appropriate  to  use  the  polar  expressions  (15)  and  (16)  for  stresses  around  the  hole  and  (17) 
and  (18)  for  stresses  along  the  free  edge. 


3 


Around  the  hole  r  =  R,  but  only  inconsequential  simplifications  occur  from  this  substitution. 
It  is  seen  however  that  all  three  stresses  vary  around  the  hole.  A  derived  expression  for  the 
maximum  circumferential  stress  is  impractical,  as  is  one  for  the  angular  position  at  which  it 
occurs:  recourse  must  therefore  be  made  to  numerical  solutions.  Expressions  for  the  stresses 
at  6  =  0  (remote  from  free  edge)  and  0  =  n  (close  to  free  edge)  are,  however,  tractable: 


2(a/R)3  +  3(a/R)2  ±  I 
(2 a/R  +  I)® 

V  ,  2(a/ R)3  +  3 (a[Rl+ 2  (a/R) 
\99,g)o  (2a/R+\)3 

and 

= °- 


(20) 


(21) 


Along  the  free  edge  x  =  0  and  (17)  and  (18)  become 


II 

© 

(22) 

yy/q  =  4  WW-WV 

((a/R)2+(y/R)2Y 

(23) 

and 

o 

II 

(24) 

Equation  (23)  has  its  maximum  value  at  the  origin,  where 

*y/q  =  (a/Rf 

(25) 

It  becomes  zero  when 

y/R  =  ±a/R. 

(26) 

The  variations  in  stress  around  the  hole  and  along  the  axis  of  symmetry  are  shown  in  Fig.  5. 
The  behaviour  of  the  circumferential  and  tangential  stresses  each  bear  strong  qualitative 
resemblances  to  those  for  the  pressurized  hole:  radial  and  shear  stresses  are,  however,  funda¬ 
mentally  different.  Figure  6  shows  that  the  a/R  value  at  which  the  location  of  maximum  stress 
moves  from  the  free  edge  to  the  hole  is  1  •  767.  The  maximum  stress  at  the  hole  remains  at  the 
point  6  =  ir  for  a/R  up  to  1-724  after  which  its  location  at  the  hole  moves  very  rapidly  towards 
the  n/2  asymptote  as  a/r  becomes  large. 
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4.  COMPARISON  OF  THE  PREVIOUS  CASES 


In  Section  2  stresses  have  been  non-dimensionalized  by  the  divisor  p:  in  Section  3  the 
divisor  was  q.  Before  a  direct  comparison  between  the  results  from  the  two  Sections  can  be  made, 
the  relationship  between  p  and  q  must  be  established.  This  is  done  on  the  basis  of  a  common 
interference  for  the  two  cases. 

In  Reference  1,  in  which  the  average  interference  around  the  hole  was  used  to  establish  p, 
the  following  equations  were  found : 


For  plane  stress: 


P  — 


A E 

T 


tanh  ai 


For  plane  strain: 


P  = 


XE 

2(1  —  v2) 


tanh  <*i 


These  expressions  relate  p  to  the  non-dimensional  interference  A,  plate  geometry  (ai)  and 
the  elastic  parameters  of  plate  (£,  v). 

From  Reference  3,  the  non-dimentionalizing  parameter  q  has  the  following  values: 


For  plane  stress: 


Q  = 


A £ 

T 


For  plane  strain : 

A  E 

q  ~  2(1  —  v2) 


Thus,  for  both  plane  stress  and  plane  strain  p  and  q  are  related  as  follows: 

p  =  q  tanh  <*i  (27) 


The  correction  (27)  has  been  applied  to  equations  (1),  (2)  and  (3)  to  produce  Figs  7  and  8. 
These  may  now  be  compared  directly  with  Figs  5  and  6. 

It  is  clear  that  significant  differences  develop  as  the  hole  nears  the  free  edge.  Radial  and 
shear  stresses  begin  to  vary  substantially  around  the  hole  for  the  interference-fit  case,  whereas 
they  remain  constant  for  the  pressurized  hole.  However,  except  for  extreme  closeness  of  hole 
and  edge,  the  magnitude  of  the  shear  stress  remains  relatively  small.  By  contrast,  the  circumferen¬ 
tial  stresses  for  interference-fit  cases  do  not  exhibit  the  increasingly  extreme  fluctuations  which 
develop  for  the  pressurized  hole,  Fig.  9.  For  a/R  =  1 ,  the  circumferential  stress  for  this  latter 
case  becomes  infinite  at  the  point  where  hole  and  edge  meet. 


Along  the  free  edge  the  behaviours  of  the  two  cases  are  quantitatively  similar,  the 
pressurized  hole  case  again  exhibiting  greater  fluctuation.  The  edge  distance  ratio  beyond  which 
the  location  of  maximum  circumferential  stress  shifts  from  the  free  edge  to  the  hole  is  remarkably 
similar  for  both  cases:  a/R  =  y/3  =  1  -732  for  the  pressurized  hole  as  against  1  -767  for  the 
interference-fit  case.  The  locations  of  the  maximum  circumferential  stress  at  the  hole  each 
begin  at  the  point  closest  to  the  free  edge  for  a/R  =  1,  and  both  asymptote  towards  6  =  n/2 
for  large  a/R.  There  are,  however,  significant  differences  at  intermediate  values  of  a/R,  Fig.  10. 

As  a/R  increases,  Figs  S  to  10  show  that  all  differences  between  the  two  cases  steadily 
diminish.  This  can  also  be  seen  directly  from  the  relevant  formulae.  Consider  first  the 
pressurized  hole:  with  increasing  a/R,  sinh  aj  ->  a/R.  Since  cosh  <*i  =  a/R,  tanh  ai  ->  1  and 
thus  p  -*q.  The  stresses  around  the  hole,  e.g.  (4),  (5)  and  (6),  therefore  become 


rr/q  fr/p  =  -1, 

ee/q  -*  ee/p  -* 1 

and 

rO/q  ->  rO/p  =  0. 


Similarly  the  stresses  along  the  free  edge,  e.g.  (10),  (II)  and  (12)  become 
xx/q  ->  xx/p  =  0, 
yy/q  -»  yy/p  ->  0 
and 

xy/q  -*>  xy/p  =  0. 


Checks  on  the  corresponding  equations  (19),  (20)  and  (21),  and  (22),  (23)  and  (24)  for  the 
interference-fit  case  show  that  they  also  tend  to  the  above  limits  as  a/R  becomes  large. 

In  a  general  sense,  the  stage  below  which  the  stresses  for  the  two  cases  begin  to  differ 
significantly  occurs  for  a/R  less  than  about  three.  For  larger  a/R  the  theories  become,  for 
practical  purposes,  interchangeable;  they  must  then  also  become  valid  for  the  frictionless 
interference-fit  disc  case. 

It  would  now  appear  that  experimental  data  from  a  plate  containing  an  interference-fit 
fastener  previously  found  to  be  well  predicted  by  the  pressurized  hole  theory1  was  a  fortunate 
outcome  in  that  the  a/R  ratio  there  was  a  marginal  2  93. 


5.  CONCLUSIONS 

Comparisons  have  been  made  of  the  stresses  arising  from  a  pressurized  hole  in  a  half-plane 
with  those  of  one  cont.  ining  an  interference-fit  disc  of  the  same  material.  Although  substantial 
differences  exist  between  the  two  cases  when  the  hole  is  close  to  the  free  edge,  they  diminish 
very  rapidly  as  the  hole  becomes  more  remote :  for  a  hole  centre  more  than  about  three  radii 
from  the  edge  the  differences  become  progressively  more  insignificant. 
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FIG.  4  CIRCUMFERENTIAL  AND  TANGENTIAL  STRESSES  AT  HOLE  AND 
ORIGIN  -  PRESSURIZED  HOLE 
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